The main goal of the paper is to begin a systematic study on conic-line arrangements in the complex projective plane. We show a de Bruijn-Erdös-type inequality and Hirzebruch-type inequality for a certain class of conic-line arrangements having ordinary singularities. We will also study, in detail, certain conic-line arrangements in the context of the geography of log-surfaces and free divisors in the sense of Saito.
Introduction
The main goal of the present paper is to begin a systematic studies on the theory of conicline arrangements in the complex projective plane. The theory of line arrangements is a classical and rich subject of studies with many deep results with applications and impact in numerous branches of mathematics. For example the Hirzebruch inequality [2, 11, 12] appreciated very much in combinatorics is motivated by problems in algebraic geometry and is derived with its methods. It is the most attractive feature of line arrangements theory that it sits on the boundary of combinatorics, commutative algebra, topology, algebraic geometry, etc. However, if we look at the theory of curve arrangements in the plane, to our surprise, a lot of work has to be done in order to reach the same level of understanding. It seems very natural to start working on a certain natural class of arrangements, namely arrangements of rational curves. We refer to [5] for a nice introduction to abstract arrangements which contains a theoretical background for our work. Now we are making our very first assumption -we are going to consider arrangements of smooth rational curves having only ordinary singularities. These two assumptions might be considered as a strong restriction, but the most important advantage of this approach is that we can apply some combinatorial methods which are hardly applicable if we start to work in the whole generality.
If CL = {ℓ 1 , ..., ℓ d , C 1 , ..., C k } ⊂ P 2 C is an arrangement of d lines and k conics having only ordinary singularities, i.e., the intersection points look locally as {x k = y k } for some integer k ≥ 2, then we have the following combinatorial count (by Bézout)
where t r denotes the number of r-fold points, i.e., points where exactly r curves from CL meet. We will use also the following abbreviations:
The most important part in the local study of such arrangements is the number of analytic branches r p of a singular point p, but since all intersection points are ordinary, then this number coincides with the multiplicity of a given singular point, and we are going to use mult p (or shortly m p ) in order to denote the multiplicity, and abusing the notation we will denote also by m p the number of branches. Now we are going to give an outline of the results obtained in the paper. Section 2 can be viewed as a warm-up, we are going to present an interesting construction of conic arrangement of 12 conics and 9 points of multiplicity 8, and this construction is strictly related to the Hesse arrangement of 12 lines and 9 points of multiplicity 4. Moreover, it turns out that this construction leads to a new arrangement of conic and lines having very interesting properties, especially in the context of the freeness. In Section 3, we show a de Bruijn-Erdös type result which provides a lower bound on the number of intersection points f 0 for a certain class of conic-line arrangements. In Section 4, we provide a Hirzebruch-type inequality for a certain class of conic-line arrangements and this will lead to a nice bound of Harbourne indices of these arrangements (see Section 5) . In Section 6, we study the geography problem for log-surfaces associated with conic-line arrangements and we provide some extremal examples of those surfaces from a viewpoint of log-Chern slopes.
Notation. We work over the field of complex numbers.
Chilean arrangement of conics and lines
By the way of warm-up we begin with an analysis of a specific conic-line arrangement, which enjoys a number of interesting features, not only from the point of view of the present note but more generally. It has been discovered recently Dolgachev, Laface, Person, and Urzúa during their collaboration in Chile, see [6] . For this reason we assign the adjective Chilean to this arrangement. It also worth mentioning that the same arrangement of conics has been discovered independently by Sarti and Roulleau in [20] , and they apply it in the context of generalized Kummer surfaces. After a brief introductory description, we are going to focus on its freeness in the sense of Saito [21] .
A general description
The famous Hesse arrangement (12 3 , 9 4 ) of 12 lines and 9 points with 3 points on each line and 4 lines through each point, can be derived from the Hesse pencil of cubic curves
The pencil has exactly 9 base points and 4 reducible members (taking appropriate values of t) each consisting of exactly 3 lines. Blowing up the base points one obtains a rational elliptic surface with four reducible fibers of type I 3 , according to Kodaira's classification of singular fibers. Let us recall that the Hesse pencil of cubic curves can be viewed as the first element in the series of Halphen pencils of plane curves whose general member is of degree 3m with nine m-multiple points [10] . Here the number m is called the index of the Halphen pencil. It turns out that one can construct explicitly a very interesting arrangement of 12 conics which is based on Halphen pencil of index 2. Each of 12 conics contains 6 base points and each base point has multiplicity 8, forming a point-conic configuration (12 6 , 9 8 ) analogously to the Hesse configuration. In fact, the 12 conics determine a configuration of 9 points of multiplicity 8 and 12 additional points, where pairs of conics intersect. Somehow surprisingly, these 12 points are exactly the triple intersection points of the dual Hesse H arrangement (9 4 , 12 3 ) of lines. Thus we have an arrangement of 12 conics and 9 lines with the following numerical data for its singular locus t 9 = 9, t 5 = 12, t 2 = 72.
We follow the authors of [6] and call the arrangement of 12 conics Chilean and denote it by CH. The arrangement of 12 conics and 9 lines we be called extended Chilean and we denote it by EC. These three arrangements H, CH, and EC enjoy interesting properties from the viewpoint of free divisors.
On the freeness of conic-line arrangements
In this subsection we are going to study the freeness of rational curve arrangements which was initiated by Schenck and Tohǎneanu in [24] . We briefly summarize the basic concepts. Let C ⊆ P n be an arrangement of reduced and irreducible hypersurfaces and let C = V (F ), where F = f 1 · ... · f d with gcd(f i , f j ) = 1. Let us denote by Der(S) = S · ∂ x 0 + ... + S · ∂ xn the ring of polynomial derivations, where S = C[x 0 , ..., x n ]. For θ ∈ Der(S) we have
We define the ring of polynomial derivations tangent to the arrangement C as
Inductive application of formula (1) shows that
Any arrangement of (reduced) hypersurfaces will have a singular locus of codimension two. Also, in characteristic zero, and as in the case of linear arrangements, we have the following decomposition
where E is the Euler derivation and D 0 (C) = syz(J F ) is the module of syzygies on the Jacobian ideal of the defining polynomial F of C. The freeness of C boils down to a question whether pdim(S/J F ) = 2, which is equivalent to J F being Cohen-Macaulay. One can show that C given by F = 0 is free if the following condition holds: the minimal resolution of the Milnor algebra M(F ) := S/J F has the following short form
and the integers d 1 ≤ d 2 are called the exponents of C.
Finally, let us recall that a singular point P of the arrangement C is quasi-homogeneous, if its Tjurina number and Milnor number coincide. Now we are ready to formulate the main results devoted to the freeness of our arrangements.
C is free and not all singular points of the arrangement are quasi-homogeneous.
Proof. Our proof is based on computer aided methods with use od Singular. We can compute the minimal resolution of the Jacobian ideal of CH which has the following form
so the exponents of CH are the integers d 1 = 7, d 2 = 16. We can compute the total Tjurina number of CH with use of the exponents (see for instance [1] ) which is equal to
On the other hand, the total Milnor number of CH is equal to
which means that τ (CH) < µ(CH) and this is the reason why all singular points cannot be quasi-homogeneous.
It is classically known that every reflection arrangement of hyperplanes, i.e., an arrangement which comes from a finite reflection group (classified by Shephard and Todd [23] ) is free, and we can easily find the exponents of such an arrangement (see for instance [4, Theorem 8.3] ). In the case of the dual-Hesse arrangement H of 9 lines and 12 triple intersection points we can compute the Poincaré polynomial, namely
and the exponents are equal to
It is natural to ask whether the extended Chilean arrangement of conics and lines EC is free and, to our surprise, this is actually the case. Proof. Again, our proof is based on computer aided methods with use od Singular. We compute the minimal free resolution which has the following form
so the exponents of EC are the integers d 1 = 16, d 2 = 16.
A de Bruijn-Erdös-type inequality for conic-line arrangements
Let us recall that a classical result due to de Bruijn and Erdös [3] tells us that if L ⊂ P 2 C is an arrangement of d lines and L is not a pencil, then the number of intersection points f 0 is bounded from below by the number of lines d, and the equality holds if and only if L is a quasi-pencil of lines, i.e., this is an arrangement having exactly one point of multiplicity d − 1 and exactly d − 1 double intersection points. On the other side, [17, Lemma 4.3] tells us that if we consider an arrangement of k conics with only ordinary singularities in the plane which do not intersect simultaneously at four points, then the number of intersection points f 0 is bounded from below by k, and the bound is sharp. In order to see this, we consider an arrangement (6 5 , 6 5 ) which consists of 6 conics and 6 singular points of multiplicity 5, and on each conic we have exactly 5 singular points.
Here we are going to show that for a certain class of conic-line arrangements in the complex projective plane we can find a bound from below on the number of intersection points. Our proof combines both combinatorial and algebraic methods.
C be an arrangement of d ≥ 2 lines and k ≥ 2 conics having only ordinary singularities as the intersections. Furthermore, assume that t k+d = t k+d−1 = t k+d−2 = t k+d−3 = 0, then one always has
Proof. Our strategy goes as follows. Under the assumptions as above we are going to show that on each line from the arrangement we have at least 2 singular points from the set of all intersection points Sing(CL), and on each conic we have at least 5 singular points from the set Sing(CL). Taking this feature granted, we consider the blowing-up f : X → P 2 C along the set Sing(CL). Denote byC i the strict transform of C i and byl j the strict transform of ℓ j . Since on each line we have at least 2 singular points and on each conic we have at least 5 singular points, then the self-intersection numbers of the strict transforms are at most equal to −1, and these curves are pairwise disjoint. The Picard number of X is equal to 1 + f 0 , and we have produced ad hoc k + d independent (1, 1)-Hodge classes -the strict transforms of lines and conics. Then by the Hodge index theorem we see that f 0 ≥ k +d, which completes the proof. Now we are going to show that on each line ℓ i from the arrangement there are at least 2 singular points from Sing(CL) and on each conic there are at least 5 singular points from Sing(CL). Our proof is going to be almost combinatorial in its nature. If ℓ i is a line, then by Bézout theorem such a line intersects a conic from the arrangement at exactly 2 distinct points, which completes our justification for lines. Now let us take a conic C i and assume that there are exactly 4 points from Sing(CL) on it, let use denote these points by P = {P 1 , P 2 , P 3 , P 4 }. We need to consider the following two cases:
• if ℓ i is a line from the arrangement, then it must pass through a pair of two distinct points from P -otherwise such a line would intersect C i at an additional point different that P 1 , P 2 , P 3 , P 4 , which would contradict our assumption that we have exactly 4 singular points on C i . Since this property holds for all lines, then this implies that the number of lines is bounded by 4 2 = 6.
• A similar argument as above shows that also all conics must pass through the points from P -it obvious for k = 2, and if k ≥ 3 we can use the same argument as above -a conic which does not pass through all points from P will give an additional intersection points which contradicts the assumption.
The resulting arrangement is quite rigid, namely our conic-line arrangement CL consists of a pencil of conics passing through the points from P and d ≤ 6 lines passing through these four points. An easy inspection shows that such arrangements are forbidden due to the fact that t k+d = t k+d−1 = t k+d−2 = t k+d−3 = 0, which completes the proof.
Now we show that the assumptions in Theorem 3 cannot be weakened. To this end consider the following arrangement. We take 4 points in P 2 and all 6 lines through pairs of these points, i.e. d = 6, and 3 conics through the points, i.e. k = 3. The following picture visualizes this example. 
Abelian covers of conic-line arrangements
In this section we are going to construct an abelian cover branched along conic-line arrangements having only ordinary singularities in order to obtain a Hirzebruch-type inequality. It is worth mentioning in this place that the first author has obtained an inequality in this spirit in [18] with use of an orbifold Miyaoka-Yau inequality. However, it turned out that this result is not easily applicable in the context of possible applications, for instance towards the local negativity phenomenon, or the theory of log-Chern slopes. Due to the mentioned reasons we decided to use a classical construction of abelian covers, which is involving and technical in its nature, but the outcome of this move meets with our expectation (please confront the next section). In the case of conic-line arrangements the existence of a suitable abelian cover is not straightforward [15] , and in order to complete our construction we are going to use a general results due to Namba [14] . 
where E j is an entire divisor and a ij ∈ Z, such that a jj is co-prime to n j . Then the subgroup in Div 0 (M, D)/ ∼ generated by v j 's is isomorphic to the Galois group of such an abelian cover. Now we are going to show the main result of the paper.
C be an arrangement of d ≥ 6 lines and k ≥ 2 conics such that all intersection points are ordinary singularities. Moreover, we assume that t d+k = 0 and one can can find a subarrangement of CL consisting of 6 lines intersecting only along double and triple intersection points. Then one has
Proof. We are going to adapt the proof of [17, Theorem A] to our setting. Take ℓ i ∈ |H| and C j ∈ |2H|, where |H| is the linear system of lines in the complex projective plane. We are going to apply Namba's result to Q-divisors 1 2 (ℓ i − ℓ j ) and 1 2 C j . There exists a (Z/2Z) k+d−1 abelian cover π : X → P 2 C ramified over CL of order 2. Let us denote by ρ : Y → X the minimal desingularization. Now we are going to follow Hirzebruch's idea to compute the Chern numbers of Y . In order to do so, we will use the Fox completion result [8] . Let τ : Z → P 2 C be the blowing up of the complex projective plane along all those singular points of CL having multiplicity m p ≥ 3. Denote by D = i ℓ i + j C j the strict transform of D = i ℓ i + j C j in Z and let E P be the exceptional divisor over the point P . There exists a degree 2 k+d−1 map σ : Y → Z ramified over Z with D as the branch locus of order 2, and this gives at the end the following square πρ = τ σ.
Let q ∈ X be a singular point, then C = ρ −1 (p) is a curve with p = π(q) satisfying m p ≥ 3. Let E p be the exceptional divisor in Z over p. Restricting covering σ one obtains φ : C → E p of degree 2 mp−1 . Using the Hurzwitz formula one gets We want to compute the Chern numbers of Y . Since this procedure is classically known, let us present only a sketch of the whole procedure. For the topological Euler characteristic of e(Y ), we have two ingredients, namely
which gives
This finally gives e(Y ) 2 k+d−3 = 12 − 4k − 4d + f 1 − t 2 . Now we are going to compute the other Chern number, namely c 2 1 (Y ) = K 2 Y . The canonical divisor K Y satisfies K Y = σ * K for the divisor K defined as follows:
where all the summations are taken over all the singular points P of D having multiplicity m p ≥ 3. Since K 2 Y = deg(σ)K 2 , thus we obtain that
Now we would like to apply the Bogomolov-Miyaoka-Yau inequality [27] for Y , i.e.,
In order to do so, we need to prove that the Kodaira dimension of Y is non-negative. It is enough to show that K Y is an effective Q-divisor which in fact means that we need to show that K is an effective Q-divisor. Let us observe that K can be written as
where H denotes the pull-back of O P 2 C (1) under τ and the sum goes over all of those singular points P of D having multiplicity m p ≥ 3. Our aim is to show that K can be written as a combination of effective divisors with positive rational coefficients. Consider the following presentation
where ℓ 1 , ..., ℓ 6 are the lines from the arrangements intersecting only at double and triple points, andD i denotes the proper transform of either a line ℓ i or a conic C i under the blowing up τ . Having those properties in hand we can finally present K as
with a i and b i non-negative, which shows that K is an effective Q-divisor. Now we are in a position to apply the BMY inequality, namely
This finally gives us
completing the proof.
Using a (standard) argument due to Miyaoka and Sakai [13, 22] we can improve our inequality (2) . Theorem 6. Let CL = {ℓ 1 , ..., ℓ d , C 1 , ..., C k } ⊂ P 2 C be an arrangement of d ≥ 6 lines and k ≥ 2 conics such that all intersection points are ordinary singularities. Moreover, we assume that t d+k = 0 and one can can find a subarrangement of CL consisting of 6 lines intersecting only along double and triple intersection points. Then one has
Proof. It is a slight modification of the reasoning from [16, Theorem 2.3]
On the local negativity of conic-line arrangements
In this section we would like to focus on the so-called local negativity. This subject is motivated by an old folklore conjecture which is the bounded negativity conjecture.
Conjecture 7 (BNC). Let X be a smooth complex projective surface, then there exists b(X) ∈ Z such that for every reduced curve C ⊂ X one has C 2 ≥ −b(X).
This conjecture is widely open and we have only some special classes of surfaces for which the BNC holds, for instance rational Coble surfaces, K3 surfaces, etc. However, it is not known whether the BNC holds for blow-ups of the complex projective plane along 10 generic points which shows the difficulty of the problem. In order to approach this conjecture Harbourne introduced the notion of H-constants, and shortly afterwards the notion of H-indices has been introduced.
Definition 8. Let X be a smooth complex projective surface and let C ⊂ X be a reduced curve having s ≥ 1 singular points Sing(C) = {P 1 , ..., P s }, then the H-index of C is defined as
In other words, the H-index of C measures the local negativity on the blow-up of X at Sing(C). It is worth mentioning that even in this case it is very difficult to find reasonable lower bounds of the values of H-indices. Here we are going to present our lower-bound on H-indices in the case of conic-line arrangements having ordinary singularities.
Theorem 9. Let CL ⊂ P 2 C be a conic-line arrangement satisfying the assumptions of Theorem 5, then one has H(CL) ≥ −4.5.
Proof. Observe that we have
Now we can use (2), namely
and we can plug the above inequality to obtain
which completes the proof.
Log-Chern slopes of open surfaces associated with conic-line arrangements
Let CL = {ℓ 1 , ..., ℓ d , C 1 , ..., C k } ⊆ P 2 C be an arrangement of k conics and d lines having only ordinary singularities. Assume additionally that t k+d = 0. Consider the blowing up f : X → P 2 C along the set of singular points of CL having multiplicity ≥ 3. Denote by CL the reduced total transform of CL. Then the pair (X, CL) is a log-surface. We can easily compute the Chern numbers of pair (X, CL), namely
Let us recall that by a result due to Miyaoka and Sakai, if the logarithmic Kodaira dimension of pair (X, CL) is equal to 2, i.e., κ(X, CL) = 2, then we have c 2 1 (X, CL) ≤ 3c 2 (X, CL).
If we restrict our attention to the case of lines, i.e., k = 0, then by the result due to Sommese [25, Theorem 5.1] we know that one always has c 2 1 (X, L) ≤ If the ground field F is arbitrary, then Eterović, Figueroa, and Urzúa in [7] proved that
and the left-hand side equality holds if and only if L is a star configuration, i.e., it has only double intersection points, and the right hand side equality holds if and only if r≥2 t r = d, so this is the case when L is a finite projective plane arrangement. Among others, they also found an interesting link between H-indices of line arrangements and the limit points of ratios of log-Chern numbers -in fact one can show that the accumulation points of H-indices of line arrangements L are in one-to-one correspondence with the limit points of c 2 1 (X,L) c 2 (X,L) , see [7, Proposition 4.9] . Now if we focus on the case of conic arrangements, i.e., d = 0, then the first author in [16] proved that one always has
but we do not have any example of a conic arrangement C such that for the associated pair (X, C) one has
. Now we are going to study some extremal conic-line arrangements from the viewpoint of log-Chern slopes. Let us call the ratio E(X, CL) := c 2 1 (X, CL) c 2 (X, CL) the log-Chern slope of (X, CL). Before we start our investigations, we want to recall the following (modified) question by Urzúa [26, Question VII.12] which is a main motivation for our studies.
Question 10. Let CL ⊂ P 2 C be an arrangement of k ≥ 2 conics and d ≥ 2 lines such that all intersection points are ordinary. Is it true that the following inequality holds
In particular, is it true that E(X, CL) ≤ 8 3 . At this moment we are unable to answer this question, but we hope that our work will shed some light on this topic. We strongly believe that the answer to the question above is YES.
There are two steps towards an affirmative answer on that question, namely one needs to show that • c 2 (X, CL) > 0, and • there exists a (Z/3Z) k+d−1 abelian cover π : X → P 2 C ramified along CL of order 3.
In this context, we are able to show the following result.
Proposition 11. Let CL ⊂ P 2 C be a conic-line such that k ≥ 2 and d ≥ 2 with t k+d = t k+d−1 = 0. Then c 2 (X, CL) > 0.
Proof. We will argue as in [7, Proposition 3.3] . First of all, if we consider the case with k = d = 2, then the only intersection points are double points, so we have c 2 (X, CL) = 8, and we proceed using an induction argument with respect to the number of curves in CL. Suppose that k + d ≥ 5, we will have two subcases, namely with respect to a line L which is passing through t ≥ 2 points and with respect to a conic C which is passing through r ≥ 4 points. Then
which completes the proof. Now we are going to study some log-surfaces constructed with use of conic-line arrangements.
Example 12 (Klein's arrangement of conics and lines). In [19] , the authors presented in detail Klein's arrangement of conics and lines in the complex projective plane. It consists of 21 lines and 21 conics (these curves are polars to Klein's quartic curve at the 21 quadruple points of Klein's arrangement of 21 lines), and it has 42 double points, 252 triple points, and 189 quadruple points. Simple computations give E(X, CL) = c 2 1 (X, CL) c 2 (X, CL) = 9 − 8 · 21 − 5 · 21 + 2 · 42 + 5 · 252 + 8 · 189 3 − 2 · 21 − 2 · 21 + 42 + 2 · 252 + 3 · 189 ≈ 2.512, and this is the highest known value of log-Chern slopes in the class of conic-line arrangements (according to the our best knowledge).
It is natural to ask about the lowest possible value of E(X, CL), and here is our candidate.
Example 13 (Pencil-type arrangement of conics and lines). Let us consider the case of d = 2 lines and k ≥ 1 conics having the following combinatorics t k+1 = 4, t 2 = 1.
We can compute the log-Chern numbers, namely In particular, if we take k = 1, we get E(X, CL) = 1 2 , which is the lowest-known value of the log-Chern slope (to our best knowledge) in the class of conic-line arrangements. Example 14 (Pappus conic-line arrangement). Using the classical Pappus arrangement (9 3 , 9 3 )) we can produce a new arrangement of conics and lines -as we can observe there are plenty possibilities. The construction is based on fact that we can choose 5 sufficiently general points from 9 marked points in Pappus arrangements such that the resulting conics are irreducible and the intersection points of the new arrangement of 4 conics and 9 lines are ordinary. As we can see, we have the following intersection points: t 7 = 2, t 5 = 4, t 4 = 2, t 2 = 36.
Simple computations give E(X, CL) = c 2 1 (X, CL) c 2 (X, CL) = 9 − 8 · 4 − 5 · 9 + 2 · 36 + 8 · 2 + 11 · 4 + 17 · 2 3 − 2 · 4 − 2 · 9 + 36 + 3 · 2 + 4 · 4 + 6 · 2 ≈ 2.085.
Example 15 (Hesse arrangement of conics and lines). Finally, we would like to look at the conic-line Hesse arrangement from a viewpoint of log-Chern slopes. Let us recall that the arrangement consists of d = 9 lines, k = 12 conics, and t 2 = 72, t 5 = 12, t 9 = 9.
Then E(X, EC) = 9 − 5 · 9 − 8 · 12 + 2 · 72 + 11 · 12 + 23 · 9 3 − 2 · 12 − 2 · 9 + 72 + 4 · 12 + 8 · 9 ≈ 2.294.
At the end of our investigations, we would like to ask a general structural question.
Question 16. Let CL ⊆ P 2 R be a conic-line arrangement having only ordinary singularities. Is it true that E(X, CL) ≤ 5/2 ?
At last, we would like to present an example of a specific family of log-surfaces, inspired by the above investigations, with log-Chern slopes ≤ 1.
Example 17. If C = {C 1 , ..., C k } ⊂ P 2 C such that deg(C i ) = d i ≥ 1 and all intersection points are ordinary. As usually, we assume that t k = 0. The Chern numbers for such a pair (X, C) are equal to:c 2 1 (X, C)
Consider C d = {ℓ 1 , ℓ 2 , C 3 }, where ℓ i 's are lines and C 3 is a smooth curve of degree d ≥ 2, and all intersection points are the ordinary double points with t 2 = 2d + 1. Then we have
so we obtain a sequence of log-Chern slops (depending on d) starting with E(P 2 C , C 2 ) = 1 2 and E(P 2 C , C d ) → 1 provided that d → ∞. Let us denote by C = ℓ 1 +ℓ 2 +C 3 the associated divisor and our log surfaces by Y = P 2 C \ C. Using a result due to Fulton and Zariski [9] we know that if C is a curve in P 2 C whose only singularities are ordinary double points with distinct tangents, then any covering of P 2 C branched along C is abelian. This means that we have the following isomorphism π 1 (P 2 C \ C) = (Z ⊕ Z ⊕ Z)/ (1, 1, d) and it provides an explicit description of the fundamental group of Y .
